ABSTRACT. In this paper we construct a family of six-dimensional compact non-Kähler Hamiltonian S 1 -manifolds, each of which satisfies the strong Lefschetz property itself but nevertheless has a non-Lefschetz symplectic quotient. This provides the first known counter examples to the question whether the strong Lefschetz property descends to the symplectic quotient. In addition we also show how to vary our construction to give examples of Hamiltonian strong Lefschetz circle manifolds which have a non-Lefschetz fixed point submanifold. As a byproduct of our methods, we give a characterization of the fundamental groups of strong Lefschetz manifolds. We then use it to show the existence of strong Lefschetz manifolds with non-Lefschetz finite covering spaces.
1. INTRODUCTION Brylinski defined in [Bry88] the notion of symplectic harmonic forms. He further conjectured that on a compact symplectic manifold every cohomology class has a harmonic representative and proved this is the case for compact Kähler manifolds and certain other examples.
A symplectic manifold (M, ω) of dimension 2m is said to have the strong Lefschetz property or equivalently to be a strong Lefschetz manifold if and only if for any 0 k m, the Lefschetz type map
is onto. Mathieu [Mat95] proved the remarkable theorem that Brylinski conjecture is true for a symplectic manifold (M, ω) if and only if it has the strong Lefschetz property. This result was sharpened by Merkulov [Mer98] and Guillemin [Gui01] , who independently established the symplectic d, δ-lemma for compact symplectic manifolds with the strong Lefschet property. As a consequence of the symplectic d, δ-lemma, they showed that strong Lefschetz manifolds are formal in a certain sense. An equivariant version of the above results was obtained by Lin and Sjamaar [L-S03] . In particular, it was proved in [L-S03] that for a compact Hamiltonian G-manifold with the strong Lefschetz property every cohomology class has a canonical equivariant extension. In a subsequent paper [L04] the author extended the main results in [L-S03] to equivariant differential forms with generalized coefficients on strong Lefschetz Hamiltonian manifolds.
In this paper we investigated the question whether the strong Lefschetz property descends to the symplectic quotient, which was raised by Kaoru Ono and Reyer Sjamaar. Suppose (M, ω, S 1 , f) is a compact Hamiltonian manifold and suppose S 1 acts freely on Z = f −1 (0). Marsden-Weinstein theorem asserts that the restriction of the symplectic form ω on Z descends to a symplectic form ω 0 on the quotient space M 0 = Z S 1 . If in addition we assume that ω is an invariant Kähler form on M, then ω 0 is a Kähler form on M 0 . By Hard Lefschetz theorem any compact Kähler manifold, and in particular M 0 , satisfies the strong Lefschetz property. Thus the above question has an affirmative answer for equivairant Kähler manifolds. It is then a very natural question to ask whether the symplectic reduced space (M 0 , ω 0 ) will always have the strong Lefschetz property whenever (M, ω) has this property, even if (M, ω) is not an equivariant Kähler manifold.
The main result of this paper is a class of first counter examples which shows, in contrast with the equivariant Kähler case, that the strong Lefschetz property does not survive symplectic reduction in general. Our counter examples comes from investigating some interesting symplectic four-manifolds discovered by Dong Yan [Yan96] , and Karshon's example [Ka96] on a Hamiltonian circle six-manifold with non-log concave DuistermaatHeckman function, which in turn is a piece of a manifold constructed by McDuff [MD88] . The line of our argument is rather clear, of which we give a very brief account here. First of all, we show that any finitely presentable group G with certain structure can be realized as the fundamental group of a four-manifold N which supports a family of symplectic forms ω t , t ∈ R, such that (N, ω t ) has the strong Lefschetz sympletic property when t is sufficiently small, except for one single value t = 0. Second, we prove that for such a manifold N there exists a six-dimensional compact Hamiltonian symplectic S 1 -manifold M which is fibred over N with the typical fibre S 2 ; furthermore, the symplectic quotient taken at a certain value of the moment map will be exactly N with the reduced form ω 0 , which clearly does not have the strong Lefschetz property. In fact, the construction of the symplectic form on manifold M involves two choices of constants here. The gist of our argument is that those two choices can be successfully made such that M is a strong Lefschetz manifold with the chosen symplectic form. Notice that M has the same fundamental group as N by construction. As G varies, we actually obtain a family of six-dimensional compact Hamiltonian S 1 -manifolds, each of which has the strong Lefschetz property itself but nevertheless admits a non-Lefschetz symplectic quotient. And we can choose G to be non-Kähler so that none of these six-dimensional Hamiltonian circle manifolds we get above is homotopy equivalent to a closed Kähler manifold. This gives rise to a class of new examples of compact non-Kähler Hamiltonian manifolds. (C.f., [Le96] and [T98] .)
It is an important question with a rich history to which extent the symplectic category is larger than the Kähler category. Examples we constructed in this paper shows clearly that even the category of strong Lefschetz symplectic manifolds with Hamiltonian circle actions is much larger than the category of Kähler manifolds with compatible Hamiltonian circle actions. This paper is organized as follows. Section 2 presents a quick review of symplectic cut and Leray-Hirsch theorem. Section 3 modifies Dong Yan's examples to prove the existence of the symplectic four-manifolds with certain properties we want. Section 4 shows from such symplectic four-manifolds how to construct compact Hamiltonian strong Lefschetz circle manifolds with a non-Lefschetz symplectic quotient. Besides, Section 4 also demonstrates a class of examples of Hamiltonian Strong Lefschetz circle manifolds with a non-Lefschetz fixed point submanifold. As a byproduct of our methods, Section 5 records a sufficient and necessary condition for a finitely presentable group G to be the fundamental group of a compact Hamiltonian strong Lefschetz circle manifolds. As an immediate application of this observation, Section 5 also gives us examples of strong Lefschetz manifolds with non-Lefschetz finite covering spaces.
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PRELIMINARIES
First we give a quick review of the basic construction of symplectic cut as introduced by Lerman in [Le95] . Suppose (W, σ) is a symplectic manifold with a Hamiltonian circle action and a moment map f : W → R. If the circle S 1 acts freely on a level set f −1 (a), then a is a regular value of the moment map F(m, z) = f(m) − |z| 2 arising from the action of S 1 on the product man-
, the action being e iθ (m, w) = (e iθ m, e −iθ z).
Then the manifold W f>a embeds as an open dense symplectic submanifold into the reduced space
and the difference W f a − W f a is symplecomorphic to the reduced space f −1 (a)/S 1 . Topologically W f a is the quotient of the boundary manifold W f a by the relation ∽ where m ∽ m ′ if and only if m = e iθ m ′ for some e iθ ∈ S 1 . A similar construction produces
Next, since in Section 4 we are going to make an extensive use of LerayHirsch theorem, we give its statement here and refer to [BT82] for details.
Theorem 2.1 (Leray-Hirsch theorem)
. Let E be a fiber over M with fiber F. Suppose M has a finite good cover 1 . If there are global cohomology classes e 1 , e 2 , · · · , e r which when restricted to each fiber freely generate the cohomology of the fiber, then H * (E) is a free module over H * (M) with basis {e 1 , e 2 , · · · , e r }, i.e.,
SYMPLECTIC FOUR-MANIFOLDS WITH CERTAIN PROPERTIES
In this section, we establish the existence of symplectic four-manifolds with certain properties which we need in Section 4 for our construction of counter examples. This is stated precisely in Lemma 3.2, which has appeared in different guises in [Yan96] and [Gm] and depends on an idea of Johnson and Rees [JR87] .
Definition 3.1. Let G be a discrete group. A (non-degenerate) skew structure on G is a (non-degenerate) skew bilinear form
which factors through the cup product, this is, for some linear functional σ :
A finitely presentable group G is called a Kähler group if it is the fundamental group of a closed kähler manifold; otherwise it will be called a non-Kähler group. It was proved in [JR87] any Kähler group and any of its finite index subgroups must admit a non-degenerate skew structure.
Lemma 3.2. Let G be a finitely presentable group which admits a non-degenerate skew structure. Then there is a closed, symplectic 4-manifold (N, ω) with π 1 (N) = G such that the following two conditions are satisfied:
Proof. According to Gompf [Gm] , there exists a closed symplectic 4-manifold (N, ω) with π 1 (N) = G such that the assertion (1) holds. To prove the assertion (2), note that there is a natural map f : N → K(G, 1) such that the induced homomorphism
is an isomorphism in dimension 1 and injective in dimension 2. Let , be a non-degenerate skew structure on G and σ be the corresponding functional on H 2 (G, R). Since H 2 (G, R) is a subspace of H 2 (N, R), σ extends to a functional σ on H 2 (N, R). By Poincaré duality, there exists a class c such thatσ
where a ∈ H 2 (N, R) and [N] is the fundamental class of N.
we conclude that y, x = 0 for any y ∈ H 1 (N, R). It then follows from the non-degeneracy of , that x = 0. This shows that L c is injective. Then by Poincaré duality L c must be an isomorphism indeed. Finally note that the set
is an open subset of H 2 (N). Without the loss of generality, we may assume that the class c we obtained above is rational. Replace c by nc for some sufficiently large non-zero integer n if necessary, we get an integral class c such that the map L c :
EXAMPLES THAT THE STRONG LEFSCHETZ PROPERTY IS NOT PRESERVED BY SYMPLECTIC REDUCTION
We start with the following proposition which enables us to construct six-dimensional Hamiltonian strong Lefschetz manifolds from the symplectic four-manifolds with properties stated in Lemma 3.2. 
Then there exists a non-trivial S 2 bundle π : M → N which satisfies the following conditions: and we denote by ξ the fundamental vector field on L 0 generated by this circle action. Let Θ be a connection 1-form with curvature p * c. This means that Θ is defined on L 0 such that the restriction of Θ to a fiber of L 0 is dθ in polar coordinates on the fiber, and such that dΘ = p * c. Finally choose three positive constants 0 < A < B < T < ∞ and have them fixed once and for all. Set η = µp * c + dµ ∧ Θ. Choose a constant A < t 0 < B and consider the minimal coupling form (For details see for instance [AW77] , [S77] and [GS84] .)
. This is a S 1 -invariant closed 2-form such that i ξ γ = −dµ. However, γ is only symplectic on a tubular neighborhood of {z ∈ L 0 | µ(z) = t 0 }. To remedy this, we rescale the above minimal coupling form 4.1 to a symplectic form
on 0 < µ < T by a small constant ǫ > 0. In order not to cluster the the main ideas of our construction, here we will take for granted that for sufficiently small constant ǫ > 0 the form 4.2 is symplectic on 0 < µ < T . However we will give a proof of this simple fact in Lemma 4.2 below. Note that i ξ γ ǫ = −dǫµ, i.e., the circle action on L 0 is Hamiltonian with respect to the form 4.2. If we perform symplectic cut twice for the Hamiltonian symplectic manifold (µ −1 (0, T ), γ ǫ ) at µ = A and µ = B, we get a six-dimensional compact symplectic manifold M which is fibred over N with typical fiber S 2 . Observe that the closed two form η on W := {z ∈ L 0 | A < µ(z) < B} extends to a closed two form on M, which will also be denoted by η for convenience. When restricted to each fiber the cohomology class of this closed two form η on M generates the second cohomology of Note that the construction of the symplectic form ω involves the choices of the constants A < t 0 < B and ǫ > 0. To complete the proof it remains to show that (M, ω) has the strong Lefschetz property for some carefully chosen constants ǫ > 0 and A < t 0 < B. The upshot is that these constants can be successfully chosen such that the resulting symplectic manifold (M, ω) is a strong Lefschetz manifold. We leave the proof of this fact in Lemma 4.3 below.
Lemma 4.2. For sufficiently small positive number ǫ > 0, the two form
is non-degenerate on 0 < µ < T .
Proof. Set P = {z ∈ L 0 | µ(z) = t 0 }. Then it is easy to see that S 1 → P → N is a principal S 1 -bundle. Moreover there is a diffemorphism ψ : L 0 → P × (0, ∞) such that Pr 2 • ψ = µ, where Pr 2 : P × (0, ∞) → (0, ∞) is the projection of the product space P × (0, ∞) to its second factor. We will identify L 0 with P × (0, ∞) using this diffemorphism. Since P is compact, we can assume that the minimal coupling form p * ω 0 +(µ−t 0 )p * c+dµ∧Θ is non-degenerate on a tubular neighborhood {z ∈ L 0 | t 0 − δ < µ(z) < t 0 + δ} of P for some tiny constant δ > 0. Then for sufficiently small constant ǫ > 0, the map
onto an open subset of µ −1 (t 0 − δ, t 0 + δ). In particular the pull back
is non-degenerate at each point of 0 < µ < T . This completes the proof of the lemma. 
, where β 2 and beta 4 are closed forms on N of degree two and four respectively. We claim that [β 2 ] = (A + B)c. Before we start to prove our claim, we point out that we have the following Projection Formula for the complex line bundle
where π * is the integration along the fiber, τ is a four form on N and α a two form on M.
The proof of the Projection Formula for an oriented vector bundle given in [BT82] carries here without any change. Now observe that on E = µ −1 (A, B) we have η 2 = µ 2 π * c ∧ π * c + 2µπ * c ∧ dµ ∧ Θ, and so for any closed two form α on N π * α ∧ η 2 = π * (α ∧ c) ∧ (2µdµ ∧ Θ). Therefore by the above Projection Formula we have
On the other hand since Consequently if the real number A < t 0 < B is chosen not to be 1 2 (A+B),
Then choose a ǫ > 0 which is sufficiently small such that the rescaled minimal coupling form p * ω 0 + ǫ(µ − t 0 )p * c + ǫdµ ∧ Θ is symplectic on µ −1 (0, T ) and such that (4.7)
We claim for the constants t 0 and ǫ chosen as above, the resulting symplectic manifold (M, ω) will satisfy the strong Lefschetz property. By Poincaré duality it suffices to show the two Lefschetz maps
are injective. We will give a proof in two steps below. 
and any forms on N with degree greater than 4 vanishes, we have
However by Leray-Hirsch theorem H(M) is free over 1 and [η], we get that
is an isomorphism, we conclude that 
By Leray-Hirsch theorem H(M) is a free module over 1 and [η], we get that
If k = 0, it follows easily from the equation 4.13 that [ϕ] = 0. As-
the equation 4.12 we get
Since k = 0, we get
This contradicts the equation 4.7.
Now we are in a position to construct examples that the strong Lefschetz property does not descends to the symplectic quotient.
Example 4.4. Note that G = Z × Z is a Kähler group and thus admits a non-degenerate skew structure. Clearly, by Lemma 3.2 there is a closed, symplectic 4-manifold (N, ω 0 ) which satisfies the following conditions:
is an isomorphism. Then it follows easily from Proposition 4.1 that there exists a compact sixdimensional Hamiltonian manifold which has the strong Lefshetz property itself but admits a non-Lefschetz symplectic quotient.
Observe that by our construction M → N is a fibration with fiber S 2 . Therefore we have an exact sequence of homotopy groups
It follows immediately that π 1 (M) = π 1 (N). Instead of choosing G = Z × Z, we may well choose any finitely presentable group G with a nondegenerate skew structure. Since the six-dimensional Hamiltonian S 1 -manifold (M, ω) constructed by the above procedure has a non-Lefschetz symplectic quotient, ω can not be an invariant Kähler form. But in general we do not know whether M supports any Kähler form or not. However, as we are going to show in Lemma 4.7, there exist finitely presentable nonKähler groups G which admit a non-degenerate skew structure. For any such a group G, the corresponding Hamiltonian manifold M has a nonKähler fundamental group G and therefore is not homotopy equivalent to any compact Kähler manifold.
We need the following theorem which is due to Johnson and Rees. For a proof of this lemma, we refer to [JR87] . We are ready to give examples of finitely presentable non-Kähler groups which support a nondegenerate skew structure. Proof. Since m, n are composite numbers, both Z m and Z n have nontrivial finite quotient. It follows from 4.5 that the group G m,n is not a Kähler group for any positive composite number m, n. Note by corollary 6.2.10 and exercise 6.2.5 of [CAW94] ,
Then it follows from the Künneth formula in group cohomology( see for instance exercise 6.1.10 of [CAW94] ) that H i (G m,n , R) = H i (Z×Z, R) for i 1. Since (Z×Z) is a Kähler group, (Z×Z) must have non-degenerate skew structure. It follows that G m,n also has such a structure. The fixed point set of the resulting Hamiltonian manifold M has two components. It is easy to see that the minimal component as a symplectic submanifold can be identified with (N, ω 0 ), which clearly does not have the strong Lefschetz property. And the same arguments used in Section 4 will actually give us a family of such examples, which each has a non-kähler fundamental group admitting a non-degenerate skew structure.
A REMARK ON THE FUNDAMENTAL GROUPS OF HAMILTONIAN STRONG LEFSCHETZ MANIFOLDS
We conclude this paper with an interesting observation on the fundamental groups of strong Lefschetz manifolds. Using Hard Lefschetz theorem, Johnson and Rees proved in [JR87] if a finitely presentable group G is the fundamental group of a compact Kähler manifold, then G has to admit a non-degenerate skew structure. We note that the fundamental groups of strong Lefschetz manifolds also have to admit a non-degenerate skew structure, and Johnson and Rees's argument applies verbatim to our situation. On the other hand, if G is a finitely presentable group which supports a non-degenerate skew structure, then our construction in Section 4 shows clearly that it can be realized as the fundamental group of a compact strong Lefschetz four-manifold, and as the fundamental group of a compact sixdimensional Hamiltonian strong Lefschetz S 1 -manifold. In summary we have the following result. 
